12th Annual Milton Math Tournament
November 20, 2004

Varsity Written Test Solutions

1. D
Circumference = πd = π(1) = π 
2. E
Area of square = 4, area of outer circle = π, area of inner circle = 
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 π, so the area of the shaded region = 4 – π + 
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3. A
Recall that 
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.  Let x = arctan(2) and y = arctan(20k).  This yields the equation 
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.  Solving for k we get 
[image: image6.wmf]80

41

19

±

-

=

k

 so the sum of these solutions is -19/40.
4. B
Setting x = 1 and -1 and solving for c we get 
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5. E
Simplify Sn(p) as 
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.  So the given sum, denoted S is 
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.  Rearrange the sums to get
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6. C
The numbers a, b, c form an arithmetic sequence if and only if a + c = 2b.  Note that if and only if a and c are both even or both odd can we choose a b such that a + c = 2b.  Thus we can count pairs of even numbers as well as pairs of odd numbers.  There are 20 even numbers and 
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 pairs of even numbers.  Likewise, there are 20 odd numbers and 
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7. A
There are 9 cities I can visit before reaching my destination.  There are 2 ways to reach that city and 2 ways to leave it.  This totals 36 ways.
8. E
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9. E
We know that 
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10. C
For a string of length n, let the first appearance of a 0 occur at position k (1 ≤ k ≤ n).  To the left of this 0, there are k – 1 spots that can each be filled with either of two symbols (1 or 2).  This can be done in 2k – 1 ways.  The other side of the 0 contains either of two symbols (0 or 2) in each of n – k positions.  This can be done in 2n – k ways.  The total number of ways is then (2k – 1)(2n – k) = 2n – 1.  Summing for all k gives n2n – 1.  However, we must also add all strings that have no 0's in them at all.  Each of n positions is filled in one of 2 ways for a total of 2n strings.  The total number of ways is n2n – 1 + 2n which is 6144 for n = 10.

11. C
We can partition the triangle into smaller equilateral triangles of side length 1/12.  There are 12 + 2(11) + 2(10) + 2(9) + … + 2(1) = 
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 = 144 such triangles.  If we place a point within each small triangle, the next point placed will necessarily be within 1/12 of another point.  Thus we need 145 such points.

12. D
The rate of the rate of the function would be f ''.  If f '' is increasing this implies that f ''' > 0.
13. A
There are two cases that make all variables positive integers.  In the first case, x1 + x2 + x3 = 11 and y1 + y2 = 7, which have 
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 solutions, respectively.  In the second case, x1 + x2 + x3 = 7 and y1 + y2 = 11, which have 
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14. A
Since X is equally likely to fall anywhere in [1, 3], P(a ≤ X ≤ b) = 
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 [1, 3]).  Thus we have 
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15. D
Let n = 2004.  Define the polynomial g(x) = (x + 1) f (x) – x.  This polynomial of degree (n + 1) has its roots at 0, 1, 2, …, n, so that g(x) can also be written as (for some constant C) g(x) = C(x)(x – 1)(x – 2)(…)(x – n).  From the definition of g(x), we see that g(-1) = 1.  Using this in the factored form of g finds that 
[image: image38.wmf])!

1

(

)

1

(

1

+

-

=

+

n

C

n

.  Using the factored form of g(x) also finds that 
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.  Letting x = n + 1 in the definition of g gives 
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.  Substituting 2004 back in for n gives 
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16. B
Call the left-hand side S.  Note that if 0 < k < n!, then 
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  (all other terms become zero since 0 < n < 5!).  If n = 4! – 1, S = 37 < 75.  If n = 2 ∙ 4!, S = 82 > 75.  Therefore 4! – 1 < n < 2 ∙ 4!, so that 
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We repeat the same process, finding that n = 7 ∙ 3! yields S = 70 < 74 and n = 8 ∙ 3! yields S = 82 > 74, so that 3 ∙ 7! < n < 8 ∙ 3!, and 
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If n is even, 
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17. C
A number 10x has 
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18. E
Let the dimensions be a ≤ b ≤ c.  Since surface area is 2(ab + bc + ac) = pn for some prime p, p must be 2.  This yields ab + bc + ac = 2n – 1.  Considering parity, three odd numbers can't add up to an even number.  But to be prime, the only possible even number that can be used is 2.  So a = b = 2.  This means that c = 2n – 3 – 1 for some n.  For n = 10, c = 127, and the volume is 508 
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19. D
We require z!/y! to be an integer.  The smallest possible case is when z = y + 1.  This gives x! = y + 1.  So y must be one less than a factorial.  Since y > 1, the smallest possibility is y = 5, which makes z = 6 and x = 3.  So 3 + 5 + 6 = 14.

20. D
Consider the quarter circle in the first quadrant.  It is divided into four regions by the graph of 
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.  The rest of the quarter circle (with area π) is exactly the region that satisfies the bounds.  Thus it has area 
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21. D
Using change of base you get the equation 
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22. B
There are 100 perfect squares between 1 and 10000 (12 = 1, 1002 = 10000) and there are 21 perfect cubes (13 = 1, 213 = 9261).  There are 4 overlaps (perfect squares that are also perfect cubes) that can be found as 16, 26, 36, and 46.  So 10000 – 100 – 21 + 4 = 9883.
23. D
Let P(i) be the probability of rolling an i and the constant of proportionality be k.  Then P(1) = k, P(2) = 4k, etc.  Since the sum of the dice's probabilities should be 1, we have 
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.  Let the event a < b be denoted A, the event a = b be denoted B, and the event a > b be denoted C.  By symmetry, P(A) = P(C).  Also, P(A) + P(B) + P(C) = 1.  Since 
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24. C
The number k = mxnypz (where m, n, p are primes) has (x + 1)(y + 1)(z + 1) positive integral factors.  Since 30 = 2 ∙ 3 ∙ 5 divides k, m = 2, n = 3, and p = 5.  Note that there are no other prime factors because (x + 1)(y + 1)(z + 1) = 30 = 2 ∙ 3 ∙ 5, which implies that there are no more than 3 distince prime factors.  All possible k are generated by letting (x, y, z) take all permutations of (1, 2, 4) (of which there are 3! = 6).  Thus there are 6 integers k that have 30 factors and 30 as a factor.  They are, by the way, 720, 1200, 1620, 4050, 7500, and 11250.
25. C
We have that the random variable X has pdf f (x) = k(ex – 1), and since 
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26. B
Let b = c in rule (2) to find that a € (b € b) = (a € b) + b, so that a € b = a € 0 – b for all a, b.  Let a = b in this equation to find that a € a = a € 0 – a → a € 0 = a.  So the relation € is given by a € b = a – b.  Thus 2004 € 2000 = 2004 – 2000 = 4.

27. A
Since P(A fails) = P(A and B fail) + P(A fails alone), we have P(A fails alone) = 0.05.

28. B
Letting mx + b = bx + m and solving for x we get that x = 1, so m – b = 1.  When x = 1, y = 9, so m + b = 9.  Solving these we get that b = 5 and m = 4.  -b/m + -m/b = -41/20.
29. B
Since 2, 1, 1, … cannot be obtained via S, S is not onto.  Also, since S(1, 1, 1, …) = S(2, 1, 1, 1, …), S is not one-to-one.  Since any sequence can be generated via T, T is onto.  But T(2, 1, 1, …) = T(1, 1, 1, …), so T is not one-to-one.  Since T(U(A)) = A for all A, U is one-to-one.  However, since there is no A such that U(A) = 2, 1, 1, …, U is not onto.  So N = 1 and M = 1 and the sum is 2.
30. C
Subtract the first equation from the second to get that c + d = 5.  Use this in the last equation, 2(c + d) – e = 7, to get e = 3.

31. C
In 11 occurrences, A will not happen 7 times and happen 4 times.  So P(A) = 4/11.

32. A
Notice that, since AB, AD, and BD form a right triangle, 
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33. C
When the large tire rolls forward with a speed of 2v, the top of the tire moves at a speed of 4v.  So the bottom of the small tire moves at that speed.  Thus the man, who is also on the rim of the small tire, runs at a speed of 4v.  Since the top of the big tire moves forward, the bottom of the small tire moves forward as well, so that the top of it moves backward.  Thus the man must run forward to stay atop it.

34. D
Multiply both sides by 4!.  This rearranges into 
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 which is the binomial theorem:  (5 + x)4 = 64 and to find the largest real x, take the positive real fourth root of 64 to find that 
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35. B
The dot product of the two vectors is 5 . 12 + 12 . 5 = 120.  Since the length of each vector is 13, the dot product is also 
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36. A
Let A be given by 
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.  The first equation gives a – b = -1 and c – d = 2.  For the second equation, notice that 
[image: image82.wmf]ú

û

ù

ê

ë

é

=

÷

÷

ø

ö

ç

ç

è

æ

ú

û

ù

ê

ë

é

-

=

÷

÷

ø

ö

ç

ç

è

æ

ú

û

ù

ê

ë

é

-

=

ú

û

ù

ê

ë

é

-

0

1

2

1

1

1

1

1

2

A

A

A

A

.  This gives –a + 2b = 1 and –c + 2d = 0.  Add the first and third equations to get b = 0, so that a = -1.  Add the second and fourth equations to get d = 2 so that c = 4.  So the sum of a, b, c, d is 5.

37. E
Cheap way:  First we prove a result:  if m, n both satisfy the given congruences, then m = n + 77k, for some integer k.  Suppose both m, n satisfy 
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.  Subtract these to get 
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, so that y = x – 7l.  Likewise, y = x + 11j.  So 7l = 11j, and l must be a multiple of 11.  So we let l = 11i to get y = x + 77i, as required.  Now we can plug in 145 from the answer choices to see that it works, but so should 145 – 77 = 68, which is the smallest positive integer that works.
38. D
An 
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 matrix is invertible if and only if its rank is n.  Since A and A-1 are both invertible, rank(A) = rank(A-1) = 3, and the sum is 6.

39. C
First use DeMorgan's Law to simplify:  
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.  Now union this with 
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40. B
Let the triangle have inradius r, the centers of the circles be A, B, C, and the center of the triangle be P.  By symmetry, 
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 measures 120˚.  Also, BP = CP = r + 1 and BC = 2.  The law of cosines on 
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.  And, by relating r 
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