12th Annual Milton Math Tournament
November 20, 2004

Varsity Written Test

1. The diameter of a circle is 1.  Find the circumference.

a)  γ

b)  ε

c)  λ

d)  π

e)  τ

2. [image: image1.wmf]2
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Square ABCD has a diagonal of length 
[image: image91.bmp] and the white ring with has an outer radius equal to its inner diameter.  If the ring is inscribed in the square, find the shaded area.
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3. The number k is such that tan(arctan(2) + arctan(20k)) = k.  Find the sum of all possible k.

a)  
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c)  0

d)  
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e)  I once co-signed a contract, but 
     that's going off on a tangent…

4. The functions
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 intersect at x = 1 and x = -1.  Compute the value of a + c.
a)  
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c)  1

d)  2

e)  3

5. Let 
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.  Find the value of the sum
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a)  1/26
b)  11/26
c)  1/2

d)  17/26
e)  19/26
6. How many three-term arithmetic progressions exist in the set {1, 2, 3, …, 40}?

a)  190

b)  200

c)  380

d)  400

e)  more than I care to count

7. Imagine that there are 12 cities in a country, and each city is joined to every other city by a road.  To get from one city to another, I can either walk along this road or take a cab.  So one day, when I decide to go from Homesville to Funtopia, I realize that there are obviously 2 ways for me to get there.  But then I hear on the radio that the road is closed due to repairs, and that I must travel through one of the other cities before reaching Funtopia.  If I prefer to avoid Mathtown (one of the other cities), then how many ways can I reach Funtopia by traveling through exactly one other city?

a)  36

b)  40

c)  55

d)  110

e)  But…I wanna go to Mathtown!

8. If 
[image: image17.wmf]27

4

log

3

=

x

, then find the value of 
[image: image18.wmf]2

3

)

4

(log

x

.

a)  4

b)  8

c)  16

d)  32

e)  64

9. In 
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, a = 8, b = 9, c = 10.  Find the value of 
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10. I take the symbols 0, 1, 2 and use them to make a string of length 10.  (For instance, 1022010121).  How many strings have no 1's appearing anywhere to the right of a 0?
a)  3072
b)  4096
c)  6144
d)  6400
e)  8192

11. In an equilateral triangle of side length 1 inch, how many points must I choose (at a minimum) such that I am guaranteed that there are two points no more than 
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 inches apart?

a)  101

b)  122

c)  145

d)  170

e)  Well, I'll just be safe and choose a 
      billion-jillion points.

12. Chuck is trying to describe the function f(x) to me.  He says that "the rate at which the function is increasing is increasing at an increasing rate."  What in the world is he trying to say?

a)  f > 0
b)  f ' > 0
c)  f '' > 0
d)  f ''' > 0
e)  f '''' > 0

13. How many positive integer solutions exist to the equation 
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a)  420

b)  512

c)  1000
d)  1024
e)  1056

14. If X is equally likely to take on any value between 1 and 3, then what is the probability that 
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 lies between 3 and 6?
a)  
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e)  2  (who knows, maybe someone 
           will choose this one)

15. The polynomial P(x) has degree 2004.  If 
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 for each k = 0, 1, 2, …, 2004, then compute P(2005).
a)  Cannot be

b)  This is not

c)  2005/2006

d)  1002/1003

e)  0
     determined

     the answer, so



     don’t choose it
16. Compute the integer n such that 
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a)  44

b)  45

c)  46

d)  47

e)  48
17. Given that log 2 = .3010…, how many digits are in the number 20002000?

a)  6601
b)  6602
c)  6603
d)  6604
e)  6605

18. A rectangular box has dimensions that are prime numbers.  The surface area of the box is a prime number raised to a positive integral power.  If the volume of the box is between 400 and 700, find the length of its longest dimension.

a)  37

b)  47

c)  59

d)  61

e)  127

19. Given that x, y, z are integers with 1 < x ≤ y ≤ z and x! × y! = z!, find the smallest possible value for x + y + z.

a)  0

b)  3

c)  5

d)  14

e)  18

20. Find the area of the region satisfying 
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 and inside x2 + y2 = 4.
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21. Find a real number x such that 
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a)  6

b)  12

c)  
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22. How many integers from 1 to 10,000 inclusive are neither perfect squares nor perfect cubes?

a)  9879
b)  9883
c)  9887
d)  9891
e)  9895

23. A die is weighted such that the probability of rolling an n is proportional to n2 (n = 1, 2, 3, 4, 5, 6).  The die is rolled twice, yielding the numbers a and b.  Find the probability that a < b.

a)  
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24. How many positive integers have 30 as a factor, as well as exactly 29 other positive factors?
a)  1

b)  4

c)  6

d)  more than 6, but

e)  infinitely many






     finitely many
25. Charles is writing questions for the Milton Math Tournament again this year!  He decides to randomly generate the difficulty of the question he’s going to write on a continuous scale from 0 to 10 (meaning all those pesky numbers in between the integers!  You try writing a question with a difficulty of exactly π2!)  The probability is not constant though; in fact, the probability of him choosing a certain difficulty x is proportional to ex – 1.  What is the expected difficulty of a question under this hair-brained scheme?  [Author’s note: is it better than me choosing the ones I find to be the most “interesting”?]
a)  9
    b)  
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e)  Impossible.  The questions 
  
     always impossible.  (Before









     choosing this answer 

     consider question #1)
26. The operation € is defined on the real numbers as follows:  a € a = 0, a € (b € c) = (a € b) + c, where the + represents standard addition.  Compute 2004 € 2000.

a)  0

b)  4

 c)  2000
d)  4004
e)  none of these

27. A machine has two connected parts that it uses to function, A and B.  From previous experience, we know that P(A fails) = 0.2, P(B fails alone) = 0.15, and P(A and B fail) = 0.15.  Find P(A fails alone).
a)  0.05
b)  0.1

c)  0.15
d)  0.2

e)  0.3

28. The lines y = mx + b and y = bx + m intersect at the point (m – b, 9).  Find the sum of the x-intercepts of the lines.

a)  9
    b)  
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d)  Wait, this can't happen!
e)  There's not just one answer!

29. For a sequence A = a1, a2, a3, … , we can define the functions S, T, U (from the set of all real sequences to the set of all real sequences) as follows:  S(A) = 1, 1, 1, 1, …, where all terms are turned into 1; T(A) = a2, a3, a4, …, where the sequence has been "shifted" to the left; U(A) = 1, a1, a2, a3, …, where the sequences has been "shifted" to the right.  Let N be the number of these functions that are onto and M be the number of functions that are one-to-one.  Find N + M.
a)  1

b)  2

c)  3

d)  4

e)  5 or 6

30. I know that a, b, c, d, e are real numbers such that a + 2b – c + 3d = 1 and a + 2b + 4d = 6.  
If -a – 2b + 2c – 2d – e = 1, find the value of e.
a)  1

b)  2

c)  3

d)  4

e)  Wait… there aren't enough equations 

      to determine e
31. The odds against the event A happening are 7 : 4.  Find P(A).

a)  
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e)  7 : 4… I like those odds – hold on, 

     let me call my bookie

32. In 
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33. There is a large tire of radius 2R standing up on the ground.  On top of it is a tire of radius R.  Atop that tire is a man.  The large tire begins to roll forward at a speed of 2v and the small tire rolls in such a way that it stays atop the large tire.  The man also wishes to stay atop the small tire.  How fast, and in what direction, does the man need to run to do this?

a)  v, forward
       b)  2v, forward
     c)  4v, forward
  d)  2v, backward
e)  4v, backward

34. Find the largest real value for x such that 
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d)  
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  e)  none of these

35. Find the sine of the angle between the vectors 5i + 12j and 12i + 5j.
a)  
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e)  The angle appears to be a Virgo.








     Get it?  The angle's sign?  Ha ha!

36. A 2 × 2 matrix A is such that 
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.  Find the sum of the elements of A.

a)  5

b)  2

c)  0

d)  -1

e)  -3

37. The positive integer x satisfies both 5x + 3 ≡ 2 (mod 11) and 6x + 1 ≡ 3 (mod 7).  Find the smallest possible value for x.

a)  46

b)  55

c)  76

d)  145

e)  something else…

38. The 3 × 3 matrix A is invertible.  Find the value of rank(A) + rank(A-1).

a)  0

b)  2

c)  
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d)  6

e)  undefined

39. Let A, B, C be sets.  Define the set S as 
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.  Which of the following is equivalent to S?
a)  
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40. Beth goes to school sporting her new smiley-face stamps, now with bright yellow ink!  One of her stamps is huge – a circle of radius 1 meter!  The other one is far smaller – it is an equilateral triangle of side length s.  She sneaks up to a wall when she has some free time and quickly slaps three huge smiles on the wall, each tangent to 2 others (no overlap here!).  She then decides to finish the job by placing a small triangular stamp in the middle of the three circles without any overlap, anywhere.  What is the largest value for s such that Beth can complete her artistic endeavor?
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