13th Annual Milton Math Tournament

February 26, 2006

Varsity Power Question

Topic: Are you geek or greek?  The geometer’s challenge.


Please note that the power question continues on the back of this sheet.

Let us define a number ♪ as constructible if we can construct two points a distance |♪| apart, in a finite number of steps.  Now let us define a construction.

A construction starts with the points (0, 0) and (1, 0).  For convention purposes, we will describe the points as (x, y) (e.g. for (1, 0), x = 1 and y = 0).  With any two points in the construction, we can draw a line between one another, or make one an origin of a circle and the distance from that point to the other to be the radius.  A point is added to the set of constructible points if there is an intersection of two lines, two circles or a line and a circle. Keep in mind that all numbers on a line or arc are not constructible.

1) Show that the line can be constructed parallel to the line y = 0, that contains the point 
(0, 
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).

2) Show that all integers are constructible.

So,      is constructible and therefore we can prove that any sum of constructible numbers is as well.  Now, if we are given a constructed point, P, and line, l, with P on l, and given a constructible number, c, we can construct point Q on l so that the length of line segment PQ equals |c|.  Let’s work on multiplication!

3) Now let us show that constructible is closed under multiplication.  Prove that for any e and m that are constructible, that em is constructible as well.
4) Using the same method as in problem 3, show that any multiplicative inverse is constructible.
So we have proved that all rationals are constructible, and we are throwing you a bone and stating that 
[image: image2.wmf] is constructible if and only if ♪ is constructible.  Note that radicals with indexes of 2 are the only ones that are constructible.  Note #2, the only ways to make a new constructible number are: (a) to multiply or add a rational number to a constructible number, or (b) to take a square root of a previously known constructible number.

5) A famous problem from the Geometers of ancient Greece is known as “Squaring the Circle.”  This consists of taking a circle of constructible radius and turning it into square with the same area.  Prove or disprove: Such a square can be constructed.
Now, we all know that lengths aren’t the only fun that we can have in geometry, but there are also angles!  We define an angle ( constructible, if one can construct two lines such that their angle between them is (.

6) Prove that an angle is constructible if and only if its cosine and sine are constructible.

7) Show that a regular n-gon can be made if and only if the angle 
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 is constructible.

8) Prove or disprove:

a. If a regular a-gon and b-gon can be made then a regular ab-gon can be made.

b. If gcd(a, b) = 1 and a regular ab-gon is constructible, then a regular a-gon is constructible, and likewise the regular b-gon is as well.
Consider the following questions using the complex plane.

9) Prove that 
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 is a non-constructible angle.  And then state why this proves that one cannot trisect any angle.  Trisecting a general angle is something that the ancient Greeks never were able to do, and in this problem you will prove why not. (Hint: DeMoivre’s Theorem.  This problem is algebraic when rigorous.)
10) Prove or Disprove: The regular 2007-gon is constructible.
♪
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