12th Annual Milton Math Tournament
Varsity Power Question
November 20, 2004

In this power question we will use the following definition:  
[image: image1.wmf]=

)

(

n

w

the number of distinct prime positive factors of n.  For instance, 
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 and 
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.  Recall that 1 is not prime.  Throughout this question, assume all variables represent positive integers.  Assume that p is always prime.
Part I   (40 points)


a) Compute the values of the following:
i)  
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iv)  
[image: image7.wmf](

)

10

10

w


b) Explain why 
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c)  Explain why, if a and b have no common factors, 
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Part II  (40 points)
For this part, and the part afterward, note that given some factual statement A(n), the sum 
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 sums exactly those bn for which A(n) is true.  
For instance, 
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a) Recall that the notation p | n means "p divides n".  Explain why 
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b) Explain why 
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c) Let p be fixed.  Explain why 
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d) Use parts (a), (b), and (c) above to show that 
[image: image15.wmf]å

å

£

£

ú

û

ú

ê

ë

ê

=

x

n

x

p

p

x

n

)

(

w


Part III  (120 points)
In this part we will discover the "expected value" of 
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.  Let X be a fixed positive integer.  We define the random variable Y to be one of the numbers {1, 2, …, X}, each with equal probability.  Recall that expected value of a random variable R which can take values 
[image: image17.wmf]{

}

n

r

r

r

,...,

,

2

1

 is defined as 
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.
Now we can consider the random variable 
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a) Using part (II d), show that 
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b) Show that 
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c) Given that, for large X, 
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