13th Annual Milton Math Tournament
February 25, 2006
Varsity Written Test Solutions

1. E
If 
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.  Simple guess and check gives us z = 2, so y = 16.
2. D
If we let x = the number of revolutions that Jeff can run in 90 seconds, then Tianyi can run x + 1 revolutions in 90 seconds.  Let t = the time it takes Jeff to complete one revolution.  So xt = 90 and (x + 1)(t – 3) = 90.  Substituting 90/t for x in the second equation we can solve to get that t = 18 or -15.  So the time is 18 seconds.

3. B
Using the identity 
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, it's a simple matter of substitution.
4. D
In mod 10, the sequence is 1, 3, 9, 7, 1, 3, …, 1, 3, 9.  So each grouping of four has a sum 
of 20 and there is 
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 = 501 groupings with an extra 1, 3, and 9.  So the sum is 
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 = 10020 + 13 = 10033.
5. C  We can evaluate this where f = i = n = 0 because when we expand this polynomial and discount any of the monomials with these three variables, it is the same as evaluating when f = i = n = 0.  So we simplify the problem to (j + e + e + r)2006 = (j + 2e + r)2006.  Now the sum of the coefficients in an expansion of a polynomial raised to a power is equal to the sum of the coefficients raised to the power.  i.e. Evaluate where j = e = r = 1 because when we get down to the expansion, that's what will be done anyway.  So (1 + 2 + 1)2006 = (22)2006 = 24012.
6. B  
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7. D


There are 6 people and we have 5 s's (stops) in a string, 4 b's for blues and 3 p's for pinks, so how many distinct permutations are there of these letters?
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8. D
Consider the augmented matrix 
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 EMBED Equation.3  [image: image16.wmf]®

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

-

-

-

-

28

2

3

2

0

14

7

4

2

0

14

1

1

2

a

a

a

a

a

a
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-α2 – 2α + 7 = 0 or 2 – α = 0 = 4 – α2 

gives us values as they both create a row of zeroes.  So, 
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 or α = 2.

9. C
The problem is equivalent to the derivative of 
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10. C
By Ceva's Theorem, 
[image: image22.wmf]1

=

×

×

DA

CD

FC

BF

EB

AE

, so AD = 2.
11. A
Using matrices, area = 
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12. C
There are 8 t-radians in the unit taxicab circle, so the measure of an angle in the same position as 
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 would be 
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 of 8 or 6 t-radians.
13. E
First we need to translate the point to the origin by subtracting the point (4, 8) which would move point A to (-10, -4).  Then to accomplish the rotation, multiply the matrix 
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 times the point (-10, -4).  This gives the point 
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14. D
Since 
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there is no imaginary component, cos4θ = -1 and isin4θ = 0.  So 
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15. C  Since 
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16. B
Working backwards, since I have no brothers or sisters, "my father's son" must be me.  So "this man's father" is me and "this man" must be my son.
17.  E  1 + 2 + 3 + … + 9 = 45.  If we let x denote the 10's digit, then 45 – x would equal the sum of the 1's digits.  So 10x + (45 – x) = 45 + 9x.  Plugging in values for x yields the numbers 45, 54, 63, 72, 81, 90, and 99.  
18. D  There are 2 ways to approach this problem.  There is actually a simple formula for the volume of this shape which is 
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 where h is the height from the top to the bottom of the figure and r is the radius of the sphere.  However, you could also use calculus by solving the integral 
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19.  D
The sequence is the alternating digits in the numbers π and e.

20.  A  The Babylonians used base 60.

21.  E
There would be no integers so that place would be 0.  
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22. D  The sum is actually equivalent to 
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23. C
Let the intersection of Pear and Apple be the origin on a coordinate plane.  Then the distance Kurt has traveled would be equal to 60 – y and the distance that Jennifer has traveled would be 20 – x.  Since problem starts for both of them at the same time, we can set up the proportion 
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.  Since we are trying to minimize the distance, we can take the derivative of both sides with respect to y which yields 
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.  After finding the critical numbers of the derivative, it can be seen that a minimum occurs at y = 4.  So 
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24. D
Let u = 
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 and v = 
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.  Then x = u + v, so x3 = u3 + 3u2v + 3uv2 + v3 = u3 + v3 + 3uv(u + v).  Since 
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, and since u + v = x, x3 = 18 + 3x.  Rewriting the polynomial, we get x3 – 3x – 18 = 0.  Using the rational root theorem and some synthetic division, we can find that one of the zeros is 3.  By checking the discriminant of the remaining quadratic, it can be seen that the other solutions are not real, so x must be 3.

25. C
The harmonic mean of the three numbers is 
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26. D  The total number of possible arrangements is 
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.  If we treat UU as one letter, the number of arrangements would be 
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27. A  There are 
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 words that start with A, 
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 words that start with C, 1260 words that start with L, 630 that start with S, and 1260 that start with U.  Since words 3151 through 3780 start with S, our word starts with S.  Eliminating the S, we can do the same process on the remaining letters.  3287 – 3150 = 137, so the word is the 137th word that starts with an S.  From the 2nd letter on, there are 90 words that start with A and 180 that start with C, so the 2nd letter must be C.  3287 – (3150 + 90) = 47, so the word is the 47th word that starts with SC.  Continuing this process we find that the word is SCCLUUAL. 
28. C  We must check cards 2 and 4 because if either of them are yellow they will disprove the statement.  We must also check card 3 because if it doesn't contain a ☼ symbol it will disprove the statement.
29. B  By the parallelogram law, 2(4)2 + 2(AD)2 = 42 + 62, so AD = 
[image: image64.wmf]10

.

30. E
We can rewrite (p, q) as (p, p2) and (r, s) as 
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 and r = 1.  So p = 4 and p + r = 5.

31. C  If you let the payment for the first problem be x and the last problem be y.  Then the sum of the first 16 terms would be 
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  But we also know that the middle problem is worth the same starting from either direction, so 
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.  Solving this system of equations we get that y = 25 and x = 100 so the middle problem is worth $175.

32. D
The easiest way we found to approach this problem was to use the units digits.  For example, the units digits of the powers of 6 are 1, 6, 6, 6, 6, 6, … so the units digit of the number would be the units digit of 5 * 1 + 4 * 6 + 3 * 6 + 2 * 6 + 6 = 5 so base 6 won't work.  The units digits of the powers of 8 are 1, 8, 4, 2, 6, 8, 4, 2, … so the units digit of the number would be the units digit of 5 * 1 + 4 * 8 + 3 * 4 + 2 * 2 + 6 = 9 which matches the units digit of the number we want.

33. D  Since the left wheel traveled 10 feet, we get that 
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.  Solving for r in the first equation and substituting into the second, we get that 
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34. B
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So 
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35. A
The converse of the original statement would be "if something has a tail, then it is a dog".  The inverse of this statement would be "if something does not have a tail, then it is not a dog."  The contrapositive of this would be "if something is a dog, then it has a tail."

36. C  Rewrite the equation as 
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 and x = 2 or -2.  However, -2 is extraneous so the only solution is x = 2.
37. B
Let 
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38. C  Unfold the room and find the distance of the straight line connecting the spider to the fly.  
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39. D  
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 which is a standard geometric series where a1 = 4e and 
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40. B
The solution is below.
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